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A tu 1 pri in n • onocay r fl a numb•r f ins itu iom:tl 

rr ng 111 nt -- s lari " ' vin s, t • 1 an~. Jn •rest, tt·uns t' 

payment ' profit ' r nt • nd inv stment cr dits. Th 8 an b quitt• 

\11 nt from prt s 8 n rat d b L.P. (Lin ar Pr ~ram). Th• 

pri f n it •!l!l in th L.P. 1 th change in th' obj ivc v lu i -
n ndditi n.1l unit of th i Ill 1 mad availubl s t.~t m. An 

un ons qu ·n · 1 that ny pa it (or lab r not full• 

u d g ts a r pri Th purp s of this pap•r 1 show how t 

tn8k :-~imp rturb ion to th linear pr ~rom, a t r it hiS b n 

v • th t th n w du 1 v r18bl s b htw more lik~ a mll pr:i 

T d hi w will n d thr as umpti ns: 

( ) h unused part of pa ity i worth z ro and an b d l t"d 

r m th s •s nt; . · ~ / (, 
( n in i nit sim 1 p •. rt f th us d ap · tt is mall "abl 

( h va u f pa 1ty n b sur d b d 1· ins h mal abln 

p r t nd in wh t it 1 worh to put it back. 

W• ·hn 1 sh w th t i is 0 sibl to 888 i. llt-,W pr wi th 

h op imal olu ion t th p rturb d in ar progr m with ut hang in 

th ri in J ptimal primal olution . The new pri cs r mnin invor nt 

as th ma 1 b p rt of ued apa ity t nds t I! r . 
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ARE DUAL VARIABLES PRICES? 

IF NOT, HOW TO MAKE THEM MORE SO 

l. Th M thod 

Th in r progr · m an b t k n in th f '\'111: 

DuaJ 
.Find Max z. X 0: Var lohlt::s 

(1) AX- b > 0 -1T 

(2) -IX > -K 

1· • Z(Max) 

Th j e tiv i. to maximiz ~ ve t r utpu t rom the s s Ill , 

h b l - v' t r b· K i. t h• v t r of ··apa 

t It i . und rstood h t 1 31" ab l 

h v n up r un s, th m ttto>d rom ( Th 

r mul i n i n lud a pa ~i y lik l.:tb r; hlA j . 
d '"' 

b i r ummin up h t tal us f lab r ( ' ll and h n 

bound n thi t tal in (2). 

Supp • X 0 is ptimal nd w pia K s - r 

X R 1 timi ing w that th · pr f k . m ans 

h opt im ri s arc no lon r uniqu . F r this r as n a ·mall 

p rturbation an b u ed t mak th pri s uniqu · 3gain. 

1 



Accordingly, let  X - X , 0 - 0  be the optimal solution, 

We now formulate a perturbed problem for some i > 0. 

Find Max Z, X > 0, Y > 0: 
Dua 1 

Variables 

(A) 

(5) 

(6) 

AX - bo 

-IX 

> 0 

.0 
- 1Y > -X 

+ \Y >  i 

0     =  Z(Max) 

-71 

" P 

We are in effect removing infinitesimal amount '  of the used part ot 

the capacity from the system and letting the model decide bow to allocate 

the removal. 

The exchange rates for the different types of capacities  1, 

when converted to some common unit, are assumed to be proportional to 

(A , .... \  ).  For example, the X.  could be proportional to the 

cost of building one unit of capacity in some historical base vear. 

We refer to (6) as the malleability constraint. 

The dual states, among other things, that the price on the 1-th 

capacity: 

(7) 0i> 

In applications,   one can expect   that  all   the used   capacities  are needed. 

One can arrange matters  so   that       p> 0    and   therefore    0.   N  0     for  all     i 

(This will  be shown  after  the  following paragraph.) 



^fowM^ 

The prices dopend on  i  but remain Invariant for all  0 < t < t 

for some  i. > 0. Tlif proof la quite simple. Tlu1 prices depend only on 

the choice of feasible basis.  If the same basis Is feasible for f.>0 

and  i ,, > 0, f. > i„, tlien it remains feasible for all  i: : 

t. > i > c,.  Since there are only a finite number of different bases, 

it is clear that at least one basis will he repeated an Infinite number 

of times as  t * 0 .  Hence, the basis choice (and hence the prices) 

will remain invariant for all  (  In an Interval  0 < i < i   for some 

sufficiently small  t  > 0. 

One can construct examples, however, where | ■ 0. If so, we 

would replace the original problem by one that achieves 0 = 9 but 

uses as little capacity as posslhle, for example: 

Max Z, X > 0, Y > 0: 

(8) AX 

(9) -IX 

(10) 

> bO0 

1Y > -K 

\Y = Z(Max) 

This will  guarantee   p >  0     if  we use  the new optimal   solution,  X  = X   , 

to   initiate   (4),   (5),   and   (6). 

Three  Examples 

We  shall   illustrate   the  approach on   three  examples.     The   first 

differs  from  the  second   in how much goods must be  exported   to  receive 

the  same quantity of   imported  oil.     The  third example  shows  how  the 

Entitlement  Policy of  U.S.   (which averages   foreign and  domestic  oil 



prices) can daap n in a significant way th f( s f risin~ 11 

iaport pric s. Th firat two exaapl s also U 1\astntt' h w trivi 1 

changes in th aiiOUnt of capacity availabl dr m. ti ffe t 

on L.P. pri 

chana••· 

the propos d thod is u t s n it v tll u h 

Exa 1 1. In our littl ono.y th r ar thr industri s, En rR 

(OIL), Manufa ~ turing (MFC), S rvi a (SER), wh se apa iti s r~ 1.0, 

1.07, 1.07 reap. Th re ia a favorabl balan llstraint 

that r quires at 1 ast on unit of MFC to b xport d for h unit 

of OlL iaported. Th r is alao a labor con tr int. Th 

au r (CONSM) rec iv s s aultipl of a fi d 

v ctor. Th obje tiv (OBJ) is t aaxiaia Z • 

inul 

f-~ d 

1. 

n-

At th optiaua, both oil and labor capa iti s r tiRht; h 

lev ls of OIL, MFC, SER, Z are ach 1.0 and imp rt o oil (IMP • 

xp rta of .. nufa tur d goods (EXP) • .25. 

nd th bill f so ds 

the valu of coneu~tion. If we d note the cap ity v tor, 

K • (K5, .••• K8) • (l.7S, 1.00, 1.07, 1.07), then th valu 

city also quala th valu of onauaption (duality th orem): 
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wh r• ln our carli r n tati n is (n, n
6

, n
7

, ·rr
8

• lf we mul ipl 

th ._ap ·ity · nstrnintti by , , ••• , n8 rt·sp '<' t tv~ 1 .mct s am, wt> bt. in 

\AOlL • X ll. + V~FG • "MF. + VA ER • X~ER • z 

wh r • f r cxnmpl • VA OIL i the v11lu ' f t b _r + v~lu f ·npn it 

P r uni of ou t(l\J t f dam stie 1 produ tion, u. u 11 r•f•rrt"d to 

N l\' •Z not z be u s . ompl •m"n a r ' s ·kn •ss 

~ ndit i n._ h ld. Intcrpr tins v lu add"d 38 sal ari s and profi s 

(r - nt p., id t lh\.' in.al ' n sum "r by c.ach intlustr -- 'W ,.. the am unt 

rl'I.'Civcd ~.qua ls lhl' am lltlt ·p..:n b h\.' fin~1l nsumcr. 

r th momen t thnt the pri cs o n e mnaoditi s 

Tf • 
l 

,n • ., Tf • nd th fo reign x hanRC ratio n4 • .5, 

r quit· pl u ibl ~•s is n • • • tht pri on labor. Not • that MF. 

and SER padti ~ although lm st fully utili z~d h1v• z r vnlue 

7 
• 1T • o. . L,•t u s suppos th' v lu - dd d v lhu>s ( .. . 2 • 0 

als • It' plausib Let u 8 wh h lPl ns wh n W" sligh ly in t'CI~\.' 

th t\ un of b r lV ilabl • It f rom L 7 t 1.7 ,qnd d • r ase MF. 

pa 1 fr m l. 7 to 1.00. Th ng s d n t nlt~r the prim 1 

olution but th d ~r tl alt · r th dual s hatton. c mpar th 

and o umns nd VA and VA' t' WS i n Tabl l. The duul 

pri s n 1 nger o k r sonabl . ervi es hav no v lu • lrAbor has 

t\ valu ' VA' ER • o. It is r that t h L.P. pri an b v ry 

s n ·itiv to trivi l h ng 8 in av 11 biliti s . 
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Table I 

(Example  I,   Unadjusted Prices) 

1-0 TABLEAU OF AN F.CONOm' 

MFC  Exports  - OIL  Imports 

I 

OIL  MFC SKR  IMP  EXP  CONSM KHS 

OIL 1 -.25 0 I -1 .00 > 0 .50 .67 

MFC -.25 1 0 -I - .50 s 0 .50 .67 

SF.R -.25 -.25 1 - .50 > 0 .50 0 

T/B - - -I +1 > 0 .50 .67 

LABOR -.25 -.50 -1 > -1.75 .50 - 

CAP-OIL -I. > -1.00 .125 .5 

CAP-MFC -1 > -1.07 - .5 

CAP-SER -1 > -1.07 

1 

- 

OBJ +1 - Z(MAX) 1 

(SOL-X)   [1.01(1.Ol[l.OH.25]{.25|     [1.0] 

VA .25       .25   .50       (See  note  below) 

VA" .50       .50    - 

SOL PRIMAL SOLUTION 

NOTE:     VA      is  the  "value  added" of  the J-th industry  per unit   output 

labor   input     X     price  of  labor + capacity   input   x  price 

on capacity. 

1 
The     n*     prices are obtained  by changing    KHS:LAHOR    from   1.7 5   to 
1.76 and    CAP-MFC    from  1.07   to  1.00.     VA'    are  the values  of value 
added using prices    n'     instead of    IT. 



T bl il UStt\ t ~ th adju tm nt of pri·t-s. 1. bor vnil bl 

is r b (' U!ll'd (\.7 : OlL , MF '• nd SER P·' i i !' 

r r pl b (1. • 1.0, 1. thl'l m tmts f hcs \.1St' 

b th opti ) s lut1. n. An m uut f the liS d upa i y is rt:•m v •d 

r m th s Stt!tll. 11' bility L pre.;.' "' I b th \: \1 ti (\ 

1 +1. 0 + l. +1. • 

whi h ~ IW rts L h "A bor, ·h n• l f i I ' lpd ·it ' • \: t .. 

n un h t~ ilm unt f s In lh Ill dl'l 

"' h. stat d th s UIS ) but b , I .1 r th. t t Max . ' 
LHS • t· . ln rl ti 1 " lu · s r ~. m( lt:, 

( . . 1. lf th r is h t h b •i lut n wt It rl'nt.') " 
f sib f r 01 th f\ try 1 wer \ .\l \1 . S I t.l < • 

t s if th sam b sis d. 1 "'-'. n' h.llVt' ' ,_. .\ " (\' ' tit ' .• "\' t y 

until s. t s • h~n t s" c t.h-.. .\ ~i l ' ,· hat iltl 

r ins 1 ll t th t 1\ r I I l" , _ 

vid s r t r • in. This •st p • ~s "' "lni \: b tar 

c.rli r pr f. Al,tern., tiv 1 ' r tri prosr ammins m.: ;lpp i d. 
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Example  .'.     This  example  is  Identical   with   that   of  Table   1   except 

the   trade   b.ilaiu   ■  relation   reads 

•2 X + 
IMP XExr > () 

i.e.,   :\t   least   twice   the  amount   of     MFC     goods   is   required   to  be 

exported   per   barrel   of     OIL     Imported.     The   eompnrative  optimum 

levels   of   product ion  and  consumption   are: 

X.OII.     X.MFG    X.SER     X.IMP     X.EXP    X.CON 

F.xample   I 
Example   2,3 

1.0 1.0 1.0 .25 .25 1 .0 
1.0 1.054 .971 .176 .352 .91 

The  effect     of  doubling  the  amount   of     MFC     required   to   be  exported 

per  unit   of   oil   imported,   is  to  reduce   the  gross  naLional   consumption 

Z     from  1.0   to 0.912. 

Again   it   is seen as   summarized   in Table   3  that  prices  in   the 

L.P.   are  extremely  sensitive  to   trivial   changes   in  the availabilities 

of   labor  and   capacities.     Compare    7i     and     n'     columns;   also    VA 

and    VA' . 

The  prices  are adjusted  in Table  4  using   the above  levels  of 

production   in  place of   the  given capacity  and   e-malleability  of  used 

capacity.     These  prices are  compared   in Table  3 with unadjusted  prices. 

A comparison  of  some of   the adjusted   prices   is  given below: 

Example   1 Examp1 

Price of Oil .52 .73 
Value-added Oil .28 .60 
Foreign Exchange .52 .37 
Price of  Labor .31 .06 



Table 3 

COMPARATIVE PRTf.FS FOR THE THREE EXAMPLES 

EXAMPLE 1 EXAMPLE 2        EXAMPLE 3 

EXPORTS - IMPORTS  EXPORTS - 2 x IMPORTS ENTITLEMENTS 

•n r ADJTT II   IT' AD, 17i AD. In 

Goods 

OIL .50 .67 .52 .71 .80 .73 .60 

MFG .50 .67 .52 .35 .40 .37 .48 

SER .50 - .4A .24 - .17 .31 

Foreign 
Exchange 

.50 .67 .52 .35 .40 .37 .48 

Capacity 

LABOR .50 - .31 .23 - .06 .11 

OIL .125 .50 .21 .50 .70 .58 .32 

MFG - .50 .13 - .20 .11 .20 

SER - - .13 - - .11 .20 

Value Added 

OIL .25 .50 .28 .55 .70 .60 .34 

MFG .25 .50 .28 .12 .20 .14 .25 

SER .50 - .A3 .2A - .17 .31 

10 
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Kxampli^JJ.     This example   is   identical   with  Example  2  except  an "Entitle- 

ment" policy  Is now  In effect which requires  that  the oil  Industry as 

a whole,   domestic   plus   Imports but  not   separately,   to  balance  the  books. 

Some of   the  profits of domestic  oil   production are  transferred   to cover 

losses   incurred  by   those   importing oil.     The way   this   is done  in  the 

model   is   to  combine   the  oil   production column and   the  oil   import  column 

into a  single  column using  as weights   the  optimum  levels of  oil   produc- 

tion   (1.0)   and   Imports   (.17647)  attained  by   the  solution of  Example   2: 

OIL 

OIL 1 

MFC -.25 

SER -.25 

T/B 0 

LABOR -.25 

CAP.OIL - 1 

(1.0)   + 

IMF 

1 

0 

0 

-2 

0 

0 

(.17647) 

OIL + IMP 

1 .17647 

- .25 

- .25 

- .35294 

- .25 

-I .0 

The prices generated this way are no longer unique because 

(a) the prices generated in Example 2 are still optimal, (b) there 

is one degree of freedom because one less column with positive primal 

variables is required to price to zero.  This one degree of freedom 

was used to make the new prices look as much as possible like those 

of Example 1, i.e., as much as they were before the relative price 

hike of imported oil took place. The model for adjusting prices is 

shown in Table 5.  The adjusted prices are compared with other prices 

in Table 3.  It is seen that an entitlement policy can significantly 

dampen price changes due to a rise in oil import prices relative to 

export prices. 

12 
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